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Instructions to Examiners

Abbreviations

M Marks awarded for attempting to use a correct Method; working must be seen.

(M) Marks awarded for Method; may be implied by correct subsequent working.

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks.

(A) Marks awarded for an Answer or for Accuracy; may be implied by correct subsequent working.
R Marks awarded for clear Reasoning.

N Marks awarded for correct answers if no working shown.

AG  Answer given in the question and so no marks are awarded.

Using the markscheme

1

General
Write the marks in red on candidates’ scripts, in the right hand margin.

e Show the breakdown of individual marks awarded using the abbreviations M1, A1, etc.
e Write down the total for each question (at the end of the question) and circle it.

Method and Answer/Accuracy marks

e Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

e [t is not possible to award M0 followed by A1, as A mark(s) depend on the preceding M mark(s), if
any.

e Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A7 for using the
correct values.

e Where the markscheme specifies (M2), N3, etc., do not split the marks.

¢ Once a correct answer to a question or part-question is seen, ignore further working.

N marks
Award N marks for correct answers where there is no working.
e Do not award a mixture of N and other marks.

e There may be fewer N marks available than the total of M, 4 and R marks; this is deliberate as it
penalizes candidates for not following the instruction to show their working.
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Implied marks

Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if
implied in subsequent working.

e Normally the correct work is seen or implied in the next line.
e Marks without brackets can only be awarded for work that is seen.

Follow through marks

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is
used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be
working present and not just a final answer based on an incorrect answer to a previous part.
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working
expected), then FT marks should be awarded if appropriate.

e If the question becomes much simpler because of an error then use discretion to award fewer FT
marks.

e If the error leads to an inappropriate value (e.g. sind=1.5), do not award the mark(s) for the final
answer(s).

e Within a question part, once an error is made, no further dependent 4 marks can be awarded, but
M marks may be awarded if appropriate.

e Exceptions to this rule will be explicitly noted on the markscheme.

Mis-read

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR
penalty of 1 mark to that question. Award the marks as usual and then write —1 (MR) next to the total.
Subtract 1 mark from the total for the question. A candidate should be penalized only once for a
particular mis-read.

e If the question becomes much simpler because of the MR, then use discretion to award fewer
marks.

e [f the MR leads to an inappropriate value (e.g. sinf=1.5), do not award the mark(s) for the final
answer(s).

Discretionary marks (d)

An examiner uses discretion to award a mark on the rare occasions when the markscheme does not
cover the work seen. The mark should be labelled (d) and a brief note written next to the mark
explaining this decision.

Alternative methods

Candidates will sometimes use methods other than those in the markscheme. Unless the question
specifies a method, other correct methods should be marked in line with the markscheme. If in doubt,
contact your team leader for advice.

e Alternative methods for complete questions are indicated by METHOD 1, METHOD 2, etc.

e Alternative solutions for part-questions are indicated by EITHER . . . OR.

e Where possible, alignment will also be used to assist examiners in identifying where these
alternatives start and finish.
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Alternative forms
Unless the question specifies otherwise, accept equivalent forms.

e As this is an international examination, accept all alternative forms of notation.

e In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

e In the markscheme, simplified answers, (which candidates often do not write in examinations), will
generally appear in brackets. Marks should be awarded for either the form preceding the bracket or
the form in brackets (if it is seen).

Example: for differentiating f (x) = 2sin(5x —3), the markscheme gives:
f'(x)=(2cos(5x-3))5 (=10cos(5x—3)) Al

Award A1 for (ZCos (5x—3)) 5, even if 10cos(5x—3) is not seen.

Accuracy of Answers

If the level of accuracy is specified in the question, a mark will be allocated for giving the answer to
the required accuracy.

e Rounding errors: only applies to final answers not to intermediate steps.

e Level of accuracy: when this is not specified in the question the general rule applies: unless
otherwise stated in the question all numerical answers must be given exactly or correct to three
significant figures.

Candidates should be penalized once only IN THE PAPER for an accuracy error (AP). Award the
marks as usual then write (AP) against the answer. On the front cover write —1(AP). Deduct 1 mark
from the total for the paper, not the question.

e If a final correct answer is incorrectly rounded, apply the AP.
o If the level of accuracy is not specified in the question, apply the AP for correct answers not given
to three significant figures.

If there is no working shown, and answers are given to the correct two significant figures, apply the
AP. However, do not accept answers to one significant figure without working.

Crossed out work

If a candidate has drawn a line through work on their examination script, or in some other way
crossed out their work, do not award any marks for that work.

Calculators

A GDC is required for paper 2, but calculators with symbolic manipulation features (e.g. TI-89) are
not allowed.

Calculator notation
The Mathematics HL guide says:
Students must always use correct mathematical notation, not calculator notation.
Do net accept final answers written using calculator notation. However, do not penalize the use of
calculator notation in the working.
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SECTION A
(a) area =%><BC><AB><SinB M1)
1 .
(10=—><5><6><smBj
2
a2
sinB=— Al
3
NG
(b) cosB= iT (=10.7453...) or B=41.8... and 138.1... (A1)
AC? =BC* + AB* —-2xBCx ABxcos B M1)
AC =52+ 6> —2x5x6x0.7453... or 52 + 6% +2x5x6x0.7453...
AC=4.03 or 10.28 AlAI
[6 marks]
%:6'7+7'2+“'+7'3=6.91 (MDAI
10
s>, :%((6.7—6.91)2 +..+(7.3-691)) (M1)
_0489 0543 (3 sf) Al
Note: Award M1A40 for 0.233. |
[4 marks]
X ~N(u, o)
P(X <5)=0.670 <> ~04399. . MI1AI
O
T—p
P(X>7)=0.124 & —==1.155... Al
o
solve simultaneously
1+0.43990 =5 and u+1.15520=7 MI
1=3.77 (3 sf) Al N3

the expected weight loss is 3.77 kg

Note: Award A0 for =3.78 (answer obtained due to early rounding). |

[5 marks]



4.

¥’y —xy=0

3.2 1

3x°y +3x°y*y =y —xy' =0

Note: Award A1 for correctly differentiating each term.

x=1,y=1 3+3)y'-1-y'=0
2y'==2
y'=-1

gradient of normal =1

equation of the normal y—-1=x-1

y=x

N10/5/MATHL/HP2/ENG/TZ0/XX/M

MIAIAI

(M1)A1
(41)
Al

Note: Award A2R5 for correct answer and correct justification.

EITHER
x
In—=1 Inx-Iny=1
4 3Inx+2Iny=35

Inx’ +Iny* =5
solve simultaneously

Inx=

w2

Iny=

7 2

x=e° (=4.06) and y=¢5 (=1.49)

OR

1n£=1

y

=>x=ey
Inx’ +lny* =5
Inx’y* =5
x3y2=eS
e3)}5265
y5262

2 7
y=e’,x=¢’

MIAl

Ml

AlIAl

Al

Ml

Ml

AlIAl

N2

[7 marks]

[5 marks]



METHOD 1

1+1 isazero = 1-—1 is a zero
1-21 isazero = 1+ 2i is a zero

(x=(1-D))(x-(1+1))=(x"-2x+2)
(x=(1-20))(x—(1+2i))=(x* —2x+5)
p(x)=(x" —2x+2)(x* —2x+5)

=x*—4x’ +11x* =14x+10

a=-4,b=11,c=-14,d =10

METHOD 2
p+i)=—4+(2+21)a+2D)b+(1+i)c+d
p(1+i):O:>{—4—2a+c+d=0
2a+2b+c=0
p(1=2i)==T7+24i+(-11+2i)a+(-3-4i)b+(1-2i)c+d
_ {—7—11a—3b+c+d:0
p(1-20)=0=
2442a—-4b—2c=0
al (=2 0 1 1) —4
b 2 2 1 0 0 11
el =11 =3 1 1| 7| |14
d 2 -4 2 0) |24 10

a=-4,b=11,c=-14,d =10

(a)

(b)

PX =1)+P(X =3)=P(X =0)+P(X =2)

3 _-m 2 _-m

a me me
—+ =
6 2
m’ —3m* +6m-6=0
m=1.5961 (4 decimal places)

—m

me

2 —m
mEe 0582

m=15961=P(1<X<2)=me" +

N10/5/MATHL/HP2/ENG/TZ0/XX/M

(A1)
(A1)
(MDAI

Al
Ml
Al

[7 marks]

Ml

MIAIAI

Al

MIAT

[7 marks]

(M1)(A1)

M1)

Al

(M)Al
[6 marks]
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correct concavities AlAl

Note: Award A1 for concavity of each branch of the curve.l

correct x-intercept of L (which is EXACTLY the x-intercept of f") Al
correct vertical asymptotes of L (which ONLY occur when x equals the x-intercepts of g) A1A1

[5 marks]
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(@) cosd= ab :s1n2acosa+s1nac052a—1 [: s1n3a—1j MIAl
g 22 2
(b) alb=cosf=0 Ml
sin2acosa +sinacos2a—1=0
o =0.524 (: Ej Al
6
() METHOD 1
i Jj k
sin2a —cos2a 1 M1)
cosag —sina -1
. n
assuming o =—
6
| Note: Allow substitution at any stage.
i j k
ﬁ 1 1 Al
2 2
B
2 2
.[1 1) [ 3 3 311 B
=il ———|—J| ——+— [+k| —x———x—
2 2 2 2 2 2 2 2
= Al
a and b are parallel RI
| Note: Accept decimal equivalents. |
METHOD 2
from (a) cos@=—1 (and sind=0) MIAl
axb=0 Al
a and b are parallel R1

[8 marks]
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10. EITHER
1

YT T asyy
solve simultaneously Ml
L:m(x—m) and ! =m
I-x (1-x)

1 [ x- 1 : Al
I-x (d-x) (1-x)

| Note: Accept equivalent forms. |
(I1-x) =x(1-x)*+1=0, x#1
x=1.65729...=y =;=—1.521379...
1-1.65729...
tangency point (1.66, —1.52) AlAl
m=(-1.52137...)* =2.31 Al
OR
(I-x)y=1
m(l—x)(x—m)=1 Ml
m(x—x"—m+mx)=1
mx* —x(m+m*)+(m* +1)=0 Al
b*—4ac=0 M1)
(m+m*)’ —dm(m’ +1)=0
m=2.31 Al
substituting m =2.31... into mx’> —x(m+m*)+(m* +1)=0 M1)
x=1.66 Al
y=————=-1.52 Al
1-1.65729

tangency point (1.66, —1.52)
[7 marks]



11.
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SECTION B
+ 1 2 3
1 2 3 4
2 3 4 5
3 4 5 6
(a) let T'be Tim’s score
6] P(T:6):% (=0.111 3sf) Al
. 1 8
(i1) P(T23):1—P(Ts2):1—§:§ (=0.889 3sf) (MI1)Al
(b) let B be Bill’s score
. 1 1 1
i) P{T=6and B=6)=—x—=— (=0.012 35sf) (MI1)Al
9 9 &8l
(i) PMB=T)=P2)PQ2)+PB)P3)+...+P(6)P(6)
:lxl+gxg+gxg+gxg+lxl M]
9999 99 9 9 9 9
=£ (=0.235 35sf) Al
81
(¢) () EITHER
P(XSQ,):%X%X%XE MIAI
3 3 3 3
because P(X <2)=P((a,b,c,d)|a,b,c,d=1,2) RI
or equivalent
P(X<2)= 16 AG
81
OR
there are sixteen possible permutations which are
Combinations Number
1111 1
1112 4
1122 6
1222 4
2222 1
MIAI
| Note: This information may be presented in a variety of forms.
P(X<2)= 1+4+6+4+1 Al
81
_16 AG
81

[3 marks]

[4 marks]

continued ...
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Question 11 continued

(i)
X 1 2 3
81 81 81
AIAI
3
(iii) EX)=) xP(X =x) (M1)
x=1
1 30 195
=—+—+—
81 81 81
_226 (2.79 to 3 sf) Al
81
3
E(X*) =) xP(X =x)
x=1
1 60 585
:_+_+_
81 81 81
_ 646 (7.98 to 3 sf) Al
81
Var(X)=EX*) - (EX))’ (M1)
=0.191 (3 sf) Al

Note: Award M1A40 for answers obtained using rounded values (e.g. Var(X) = 0.196) .

[10 marks]
(d)
Combinations Number
3311 6
3221 12
P(total is 8m(X=3))=% MIiAl
since P(X =3)= 65
81
P((totalis )N (X =3
P (total is 8] = 3)) = LA H O (X =3)) M1
P(X =3)
= 18 (=0.277) Al
65
[4 marks]

Total [21 marks]



12.

(a) OM=

(b) MP=

© @O

(i)

(iii)
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1 0 0
2|(,ON=|1|and OP=|2 AlIAIAl
2 2 1
[3 marks]
-1 -1
0 | and MN =| -1 AlAl
-1 0
i j k -1
MPxMN=|-1 0 -1|=|1 (M1)A1
-1 -1 0 1
[4 marks]
area of MNP =% NYPXNFN M1
-1
Ly
2
1
_N3 Al
2
0
OA = ,0G=|2
0 2
-2
AG=| 2 Al
2
since AG =2(MP xMN) AG is perpendicular to MNP R1
-1 1 -1
re|l 1 |=[2]«| 1 MIAI
1 2 1
-1
re| 1 [=3 (accept —x+y+z=3) Al
1
[7 marks]

continued ...



Question 12 continued

2 -2
d r={0[+4] 2
0 2
2-24) (-1
24 |+ 1 |=3
22 1
2+24+224+21=3
1=
6
2 -2
r=|0 +§ 2
0 6 2

. . 155
coordinates of point | —, —, =
3'3°3

— 15—

N10/5/MATHL/HP2/ENG/TZ0/XX/M

Al

MIAI

Al

Ml

Al

[6 marks]

Total [20 marks]



13. (a)

(b)

(©)
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be*(ae* +b)—ae* (a+be")

'(x)= MIAl
S (ae* +b)’
2x 2. x _ 2.x 2x
:abe +b'e ae2 abe Al
(ae™ +b)
3 (b* —a)e" 4G
(ae* +b)’
[3 marks]
EITHER
f'(x)=0=>(b*-a’)e'=0=>b=xaore’ =0 Al
which is impossible as 0 <b<a and e >0 forall xeR R1
OR
f'(x)<0 forall xeR since 0<b<a and e* >0 forall xeR AIRI
OR
/f'(x) cannot be equal to zero because e* is never equal to zero AIRI
[2 marks]
EITHER
” b* —a*)e(ae” +b)’ —2ae* (ae* +b)(b* —a’)e"
f(x)= ( e zaex " b)f ) ) MIAIAI
| Note: Award A1 for each term in the numerator. |
_(b*—a’)e*(ae" +b—2ae")
(ae* +b)’
(b’ —a*)(b—ae")e"
(ae* +b)’
OR
f'(x)=(b* —a’)e*(ae” +b)”
f"(x)=(b>—a’)e (ae* +b)7 +(b* —a’)e* (—2ae")(ae* +b)” MIA1Al
| Note: Award A1 for each term. |
=(b* —a’)e"(ae" +b) ((ae" +b) - 2ae")
=(*-a’)e (ae" +b)”(b—ae")
THEN
f"(x)=02>b—ae’=0:>x=1n2 MIAl
a
2 2
f[ln 2) _a+ b 1
a 2ab
. b a’+b’
coordinates are | In—,
a 2ab
[6 marks]

continued ...
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Question 13 continued

(d) lim f(x)= % =>y= % horizontal asymptote Al
. b b .
lim f(x)=—= y =— horizontal asymptote Al
X—>+00 a a

O<b<a=ae"+b>0 forall xeR (accept ae” +b=0)
so no vertical asymptotes RI1

| Note: Statement on vertical asymptote must be seen for R1. |

[3 marks]
4+¢"
[+ =
© 4e* +1
yz%@len% (or 1.25 to 3 sf) M1)(A1)
ponf [ A2e A (MDAI
0 4e" +1 4
=1.09 (3 sf) Al N4
[5 marks]

Total [19 marks]




